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Abstract 

In this paper we look for solutions of the equation 

SdA = /'((A, A)) A in R 2k , 

where A is a 1-differential form and k > 2. These solutions are crit- 
ical points of a functional which is strongly degenerate because of 
the presence of the differential operator 5d. We prove that, assum- 
ing a suitable convexity condition on the nonlinearity, the equation 
possesses infinitely many finite energy solutions. 

Keywords Semilinear Maxwell equations; Strongly degenerate functional; Strong 
convexity 

Introduction 

It is well known that the Maxwell equations in the empty space, written 
by the differential forms language, are the Euler-Lagrange equations of the 
following action functional 



(1) S= (d V ,d V )a. 
Here 

3 

r] = A; t dx % + (pdt, Ai, <p : 



i=i 
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is the gauge potential 1-form in the space-time R 4 , drj denotes the exterior 
derivative of rj, a is the volume form, and for any differential form 7 



where * is the Hodge operator with respect to the Minkowski metric in R 4 . 

According to the classical theory of the electrodynamics, when the elec- 
tromagnetic field is generated by an assigned source j (e.g. a particle matter), 
then the action functional becomes 



When instead the source of the field is not assigned but it is an unknown 
of the problem, then there are two opposite mathematical models describing 
the interaction between the electromagnetic field and its source: the dualistic 
model and the unitarian model. 

The dualistic model consists in coupling the Maxwell equation with an- 
other field equation describing the dynamics of the source that is represented 
by a travelling solitary wave (i.e. a solution of a field equation whose energy 
density travels as a localized packet). This approach has been analyzed in 
many papers and several existence and multiplicity results have been ob- 
tained (see e.g. [7], [Hj, [12] and [13]). 

More recently, an unitarian field theory has been introduced by Benci and 
Fortunato [BJ, following an idea from Born and Infeld (see [H]). According 
to this theory (we refer to [BJ and [8 J for more details), electromagnetic field 
and matter field are both expression of only one physical entity, and the 
interaction between them is described by introducing a nonlinear Poincare 
invariant perturbation in the Maxwell Lagrangian in the empty space. 

Following this new unitarian theory, we perturb the Lagrangian in (fj]) 
adding a nonlinear term and obtaining the modified action functional 



where / : R -> R. 

The Euler-Lagrange equation is the following nonhomogeneous Maxwell 
equation 



(7,7) := * (*7 A7) 





(2) 



Sdrj = j(rf) 



where 



(3) 



j(v) = f'((v,v))v 
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and 5 = *d * . 

The 1— form j representing the source depends itself on the gauge 1— form 
r], so the equation (jBJ) describes the dynamics of the electromagnetic field in 
presence of an auto-induction phenomenon. 

From now on, we will refer to ([3]) as the semilinear Maxwell equation (SME). 

In [3] the equation <^ has been considered in the magnetostatic case, 
namely when it has the form 

(4) <JdA = /'«A,A))A 

where 

3 

A = Mdx\ Ai : R 3 -> R, 
i=i 

and the metric on R 3 is the euclidean one. In that paper a solution A, with 
the property 5 A = 0, has been found. In [2], ignoring the physical origin of 
the problem, the equation (jl]) has been studied in the more general context 
of the A;— forms on a n— Riemannian manifold M, and a multiplicity result 
has been proved when M is compact. 

In the same spirit of that paper, here we consider the problem just from a 
mathematical point of view, looking for solution of 

f 5dA = /'«A,A))A 

(5) 

( A = Eti A * dx \ A, : -> R 

where we consider R n endowed with the euclidean metric. In the sequel we 
often will use the notation A to denote also the vector field (Ai, A2, A3). 

Now, consider n > 1 even and denote by A 1 (M n ) the set of the 1— forms 
on M. n with compact support and by T the group of transformations on MJ 1 
so defined 



(6) g eT g G 0{n) and 

3(#i)l<i<n/ 2 in °( 2 ) s-t. g 



(gi ••• \ 
g 2 ■■■ 







• • • g n /2 ) 



where 0(n) and 0(2) are respectively the orthogonal groups in K n and M. 2 . 
Moreover, denote by (-|-) the scalar product on IR n and assume that 

fx) f e C 1 ^), /(0) = 0, Wt > : fit) > 
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and for 2 < p < 2* < q, with 2* = 
f 2 ) 3ci > s.t. Vx,y G R n 

(7) f((x\x)) - /((yb)) - 2/'((y|y))(y|x - y) 

> c\ min ((x — y\x — y)z , (x — y\x — y)%) , 

f 3 ) 3c 2 > s.t. |f (t)| < c 2 min (t^ 1 ,^ 1 ), Vt > 0, 

f ) BR > and a > 2 s.t. < f /(t) < f{t)t, Vt > i?,. 

The main result of this paper is the following 

Theorem 1. Let n > 4 be even and assume that f satisfies (f\ — f±). Then 
there exist infinitely many nontrivial weak solutions of (jHJ). 

Moreover these solutions have the following particular symmetry: 

A(x)=g- 1 A(gx), \/g G T. 

In the sequel we will assume f , . . . , f holding. 

Remark 2. Set g(x) = f(x 2 ) and suppose / G C 2 (R, R). Observe that by 
/i and / 3 we deduce g"(0) = 0, and then we find the so called "zero mass" 
case. This case has been dealt with by Berestycki & Lions [H [TU] and more 
recently by Pisani [T7] . 

Remark 3. For every x G R n we can define the scalar product (•, -) x on the 
vector space A 1 (R n ). The assumption f 2 is a condition on the convexity of 
the functional 

4(0 = /«£,£>*)■ 

In fact, if we take f , ^ G A 1 (R n ), A e]0, 1[ and set rj = A£ + (1 - by / 2 
we have 

(8) A (/«£, 0«) - /(fa, »?>«) - 2 /'(fa, »?>.) (»7, e - 

-i - 1 \ 

> Ac min {(£, - V,€ ~ (£ ~ V,£ ~ v)%) > 

and 

(9) (1 - A) (/((^, V),) - /(fa, i7>„) - 2f (fa, r,) x ) (V, 1> - i7>.) 

> (1 - A)c min ((-0 - r),ip — r))£, (ip — r),ip — 77) J J > 0. 

Since 

A/'(fa, 77)x)fa, £ - ?7>z + (1 - A)/'(fa, v)x)(v, i>-v)* = 0, 
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adding (jSJ) to © we obtain 

(io) A/((e, ew + (i - a)/«v, - /((^ > o 

and then for every x G M n the functional J x is strictly convex. 
The function / : R -> R s.t. 



/(*) 



a\x\z + b if |x| > 1 
clxlz if \x\ < 1 



where 2 < p < 2* < q and (a,b,c) G IR 2 x]0, +oo[ is any solution of the 
system 

a + b = c 
ap = cq 

is an example of function satisfying / 2 (see the Appendix for details). 

The paper is organized as follows: 
in section 1 , following [6 J , we will use a new functional framework related to 
the Hodge decomposition of the vector field A. We will be led to study the 
problem in the space 

T?(R") := ju G L%R n ) : J \Vu\ 2 dx < +oo| 

and in the Orlicz space L p + L q (2 < p < 6 < q). We will recall some basic 
theorems, obtained in [SJ E] , describing the relations between these spaces, 
and two results, proved respectively in [T7] and [I], which will be necessary 
to get regularity and compactness. 

In section 2, we will give a proof of Theorem dj using a well known 
multiplicity abstract result (see [HE]). Assumption / 2 will play a key role in 
order to get regularity. 

Finally, in the appendix we will show an example of function satisfying 
the assumptions of Theorem [TJ 



1 The functional setting 



From now on, taken A = Y^=i Aidx % a 1— form, by VA we mean the Jacobian 
matrix of the field (Ai, A2, . . . , A n ) and if B is another 1— form we will use 
the notation (VA|VB) to mean the product 



(VA I VB) = Tr (VA) (VB 
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where (VB) T is transposed of VB and Tr denotes the trace. Moreover in 
the sequel we will write (A|B) to mean the scalar product between A and 
B and we will use |A| 2 and |VA| 2 in the place of (A|A) and (VA|VA). 
The functional of the action associated to (J4|) is 

(11) J(A) = - f (dA,dA)dx-- [ f(\A\ 2 )dx 

where dx = dx 1 A dx 2 A ... A dx n , being {dx 1 , . . . , dx n } the canonical basis of 
A 1 (R n ). The strongly degenerate nature of the functional J doesn't allow us 
to approach this problem in a standard way. In other words, the functional 
J doesn't present the geometry of the mountain pass in any space with finite 
codimension. This strongly indefiniteness of the functional depends on the 
fact that, in general, 

/ (dA,dA) dx ^ I \WA\ 2 dx 

since the equality holds only if 5 A = 0. As a consequence, we don't have an 
a priori bound on the norm || VA||^2. 

To overcome this difficulty, we look to the Hodge decomposition theorem of 
the differential forms in order to split 

(12) A = u + dw = u + Vw 
where u is a 1— form s.t. 

(13) 5u = 

and w is a 0— form, i.e. w : R" — > R. 
Substituting the splitting ( fl2l) in ( TTTT) . we obtain 

(14) J(u,w) := J(u + dw) = - I \Vu\ 2 dx-]-f f(\u + Vw\ 2 )dx. 

Now we introduce the spaces where the functional J is defined. 

For 2 < p < ^ < Q, denote by (L p (R n ), | • \ p ) and (L q (R n ), | • \ q ) the Lebesgue 

spaces defined as the closure of A x (R n ) with respect to the norm 

|ek= ( / ItfdxY, h= Pl q. 

Consider the space 

LP + L q := | 36 e L p (R n ) and ^ G L q {R n ) such that £ = & + 
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It is well known that LP + L q is a Banach space with the norm 

(15) U\\ LW = inf {Mi\\ LP + : (6,6) G Z/ p x L q , 6 + 6 = £} 

and its dual space is L p ' fl L 9 ', where p' = ^ and g' = endowed with 
the norm 

Denote by C^°(R n ) the space of the smooth functions with compact support, 
and set 



n ) := A 1 ^)"", 



V p ' q (R n ) := C^(R n ) 
where, for every £ G A 1 (R"), 



and for every g G 

\\g\\T>p>i ■= \\vg\\ LP+Li 

We recall some results on the space L p + L q 
Theorem 4. 1. A 1 (R") is dense in L p + L q . 
2. Let £ G L p + L q and set 

(16) := {x G K™| \£(x)\ > l}- 

Then 



(!7) max || L9( R»_n e ) - 1, 1 + ^ 1/r , ||g||£p(n t ) 

< M\\lp+li < max (||^||L«(R»-n 4 ), IICIU^)) 



where r = pq/(q — p). 
3. For every r G [p, g] : L r --^ L p + L q continuously. 
4- The embedding 

(18) V(R n ) ^L p + L q 

is continuous. 
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5. Set 

(19) JT := . R n _^ R n| V ^ G Tj f Qr ffl g xeR n. = 

where T is defined by (jBJ, and define the space V r (M. n ) as follows 

(20) V r (R n ) := £>(IR n ) n JF. 
T/ien P r (R n ) •—>■ L p + L q compactly. 

Proof. 1. It can be easily showed using the definition of the LP + L^-norm 
and the density of A 1 (R n ) in the spaces L p (W l ) and L q (R n ). 

2. See Lemma 1 in [BJ. 

3. See Corollary 9 in [T7j. 

4. It follows from 3 and the Sobolev continuous embedding 

V(R n ) ^ 

5. The proof follows combining a compactness theorem presented in [lj 
(see Theorem A.l in the Appendix) and Lemma 14 in [BJ. 

□ 

For all AeL p + L q , consider the functional F defined as follows 

(21) F(A) := / /(|A| 2 )dx. 

The following results have been proved in [17] 

Theorem 5. If fa holds, then the functional F is continuously differ entiable, 
and its Frechet differential is the continuous and bounded map 

(22) DF : A G LP + L q 2 / /'(|A| 2 )(A|-) dx G (L p + L q )' . 

JM. n 

Using the fact that /(0) = 0, from f 2 we deduce that for every £ G L p + L q 
MU))>ciwm 

pointwise almost everywhere in IR n . On the other hand, from f\ and /3 it 
follows that 

/«£,£» <c 2 min((£,O f ,(£,O f ) ! 
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pointwise almost everywhere in W 1 . 
So, for every £ & L p + L q 

(23) Cl min ((£, £)f , (£, < /((£, 0) < c 2 min «£, £> f , <£, 1 ) , 
and then we deduce that for any £ G L p + L q : 

(24) Cl ( / / 

< / /(£)<<*( / \i\ p dx+ f \£\*dx) 

By (HU) and (HE]), 

(25) Vu G £>(R n ), io G £> p ' 9 (M n ) : J(u, w) < +oo. 

In order to have compactness for J, we are going to restrict the domain of 
the functional to a subspace H C £>(R n ) x X>P-«(R n ) s.t. for all (u,w) G # 
we have that u + Vw G J 7 . 
It is easy to see that, if we set 

(26) T' := {w : R n -> R|V# G T and for a.e. ie»": iu(#r) = w(a;)} , 



then, for w : R n — > K sufficiently smooth, we have 

(27) wGf'^VwGf. 
So, taking ( fl3|) into account, we set 

(28) V := {u e V r (M. n )\5u = 0} 
and 

(29) W := _D p,9 (R n ) n JF', 
and we take H = V x W. 



Observe that if is nonempty. In fact, W / I and for any (aj)i<j<„/2 in 
C °°(R n ) n T' the 1-form 

n/2 

£ = ^ a i( x 2i-idx 2i - x 2i dx 2 i-i) 
i=i 

belongs to V. 



10 



A. Azzollini 



Now, for every u G V and w G W, set 

(30) F u : w G W i-> F(w + Vw) G R 

(31) F tt : u6VhF(m + Vw) G R 

(32) J u : io G W ^ J(«, 

(33) J w : u G V i-> J(m,w) G R. 

Remark 6. Observe that, by Theorem [5j for every w G V and u> G W the 
functionals J, J u , J^, F u and F to are continuously differentiate, and the 
respective Frechet differentials are: 



(34) 
(35) 
(36) 

Moreover, if we set 

(37) 

(38) 



DJ : V x W 



DJ U 
DF U 

DJ U 
DK, 



: W 
: V 



— I 

9m 



u.w) 



— > (VxW)' 

-> w 
-> V. 

DJ„H G W 
DJ w (u) G V, 



by some computations we can see that, for every u, u G V and w,w E W, 
(39) — = DJ(u,w)[0,uJ] = - / f(|w + Vw| 2 )(M + Vw|VwJ)(ix, 



<9J 

(40) —(u,w)[u] = DJ(u, w)[%0] 



(Vw| Vu) dx 
- / f'i\u + Vw\ 2 ){u + Vw\u)dx. 



Using (1371) and ( J38l) . we can show the variational nature of the problem 

Theorem 7. // £/ie couple (u, w) G V x W solves the system 

dJ 



(41) 
(42) 



a/ 

<9t> 








then A = it + Vw E T is a finite energy, weak solution of (jSJ) 
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Proof. Let (u, w) G V x W be a solution of (j4Tp and (jl2l . Then, by ([32]) and 
(HU|) . for any u 6 V and w G W 

(43) / f'{\u + Vw\ 2 )(u + Vw\Vw)dx = 0, 

JR n 



(44) / (Vu\Vu)dx- I f'(\u + X7w\ 2 )(u + Vw\u)dx = 0. 

JR n JR n 

We want to show that 

(45) A = u + Vw 

is a weak solution of ([5]), namely for all <p G A 1 (IR n ) 

(46) DJ(A)[ip]= [ (dA,dip)dx- I f(|A| 2 )(A|^)rfx = 0. 

Jr™ Jr™ 

Actually, it is enough to prove (HBl just for every (p G X? r , since X> r is a 
natural constraint for J. In fact observe that, if we denote by T the group of 
isometric transformations on T>(R n ) defined as follows 

GeT^BgeT s.t. for ™ e * eRB : G(A)(x) = g^Afa), 

then T* r is the subspace of the fix points of P(IR n ) under the action of T and 

VG G T, VA G £>(R n ) : J(G(A)) = J (A). 

Then, by the Palais' Principle of symmetric criticality (see [IS]), T^ r is a 
natural constraint. Let ip G V r . As in (112ft . we can split the function </> and 
obtain 

(47) ip = v + dh = v + Vft 

where v G V and ft G W. Writing (1431) and (T44"l) with respectively u = v and 
W = ft, we get 



(48) 



(49) 



/ + Vw| 2 )(W Vw|Vft) cix = 0, 

Jr™ 

/ (Vu\Vv)dx- I f'(\u + Vw\ 2 )(u + Vw\v)dx = 0, 

JR n JR n 
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so, subtracting (jig]) from (pE5|) . by (j4"T|) we have 

(50) / (Vw|Vu)dx- / /'(|m + Vw| 2 )(m + Vw|y?)rfx = 0. 
Since 8v = 0, then 

(51) 5d<p = + d/i) = <Jdu = -Aw, 



where —A := d5 + 5d is the Laplace-Beltrami operator. From (1501) and (151j) . 
we deduce that 

/ (du,dip)dx- f'{\u + Vw\ 2 )(u + Vw\y)dx 

JR n JR n 

= / (u,5d(p) dx- / f'(\u + Vw\ 2 )(u + Vw\(p) dx 
Jr™ 

= -/ (u\Av)dx- f'(\u + Vw\ 2 )(u + Vw\ip) dx 

JR n JR n 

(52) =/ (Vu\Vv)dx- I f{\u + Vw\ 2 )(u + Vw\<^)dx = 0. 

JR" JR n 

Since u G £>(M n ) and w G £> p ' 9 (M n ), by (J2SD the energy of A is finite. 
Finally, since u, Vw G J 7 , also A G T . □ 

2 Proof of the main theorem 

Set 

(53) d : = |(«,w)eVxW 

(54) C 2 := Uu,w) EV xW 



dJ , 



dJ , 

-(u,w) = 



By Theorem [7J we are interested in finding the couples (u, w) G C\ fl C 2 . 
Rendering (1541) explicit we have that 

(55) («, w) G C 2 VmGV: / (Vu\Vu) dx 

JR n 

- f\\u + Vw\ 2 )(u + Vw\u)dx = 0. 

JR n 

The following theorem characterizes the set C\ 
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Theorem 8. There exists a compact map $ : V — > W s.t. 
(56) Ci = {(u,$(u))|ueV}. 

Moreover the map $ zs characterized by the following property: 

for every u G V, is i/ie unique function in W s.t 

(57) 

F u ($(u)) = minF u (w). 

v ' mew 

Before we prove the Theorem [HJ we need the following 
Lemma 9. // 

(58) Cn C in L p + L q 
and 

(59) F(Cn) - F(C), 
t/ien 

(60) Cn ^(«i p + 

Proof. Let (Cn)n be a sequence in LP + L 9 and ( £ L p + L q s.t. (I5~SI) and 
hold. Using f'2 for (Cn)z and (() x for all 16R" and n > 1, we have that the 
following inequality holds pointwise: 

(61) /(|Cn| 2 )-/(lC| 2 )-2f(|Cr)(c|Cn-C) 

> Cl min(ICn-ClMCn-Cr)- 

Set 

n n :{xeR n \\Cn-C\>i}- 

Integrating in inequality floTl) . by Theorem we get 

^(ICn| 2 )-^(IC| 2 )-^(C)(Cn-C) 

>Cl \(n - (\ P dx + Ci \( n -(\ 9 dx 

Jn n Jm n -Q n 



(62) = d (||Cn - CII^ (nB ) + IKn " Clli.(R--n B )J . 

By dSHD, d52J and flB2J we have that 

II Cn ~~ C|liP(n n ) + II Cn — C|lz,9(Kn_f2„) * 0) 

and then we get (pTj) by (TTTjl . □ 
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Proof of Theorem 0. Let u G V and consider F u defined as in flHUj) . By 
Remark [U] and Remark [31 F u is continuous and strictly convex. Then F u is 
weakly lower semicontinuous. 

Moreover F u is also coercive. In fact, if w G W and we set 

Sl:= {iG R n ||u(a;) + Vw(a;)| > l} , 
then, by (124"j) . we have 

F U H = / f(\u + Vw\ 2 )dx 

Jr™ 

= [ f(\u + Vw\ 2 )dx + [ f{\u + Vw\ 2 )dx 
jR n -n Jn 

(63) > ci / |n + Vw| 9 dx + ci / |u + Vu>| p cfe. 

jR n -n Jn 

By ( 1531) and ([T7]) we deduce that F u is coercive and then, by Weierstrass 
theorem, F u possesses a minimizer in W. 
So, let $ be the map defined as follows 

(64) $ : V — > W s.t. V«6 V: $(w) minimizes F„. 

Since F u is strictly convex, for all n G V the minimizer of the functional F u 
is unique, and then the map $ is well defined and satisfies floTl) . 

Now, before we prove the compactness of $ : V — > W, first we show that 
the functional 

(65) «6Vh f /(| u + V$(w)| 2 ) dx 

Jr™ 

is weakly continuous. 
Let 

(66) u n — ^ u in V, 
then, by 5 of Theorem HI 

(67) u n -> ti in L p + L q . 
Since 

< F(u n + V$«)) = F Un ($(u n )) < F Un (0) = F(lin), 

by ( 1671) and the continuity of F, the sequence + V<&(w n )) } is bounded. 

Since F is coercive, then 

(68) u n + V$(tt„) is bounded in LP + L 9 , 
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so, by (J67D, 

(69) V$(w„) is bounded in L p + L q . 

Set 



a, 



f(\u n + V$ K)| 2 ) dx - f f(\u + V$K)| 2 ) da; 

Pn ■= [ f{\u n + V<S>(u n )\ 2 )dx- [ f(\u + V<S>(u)\ 2 )dx 

In := / f{\u n + V<5>(u)\ 2 )dx- [ f(\u + V<5>(u)\ 2 )dx. 

By (IB^|) . certainly we have 

(70) a n <(3 n < ln . 

Moreover, by Lagrange theorem, 

a n = [ (f(\u n + V<5>(u n )\ 2 )-f(\u + V<l>(u n )\ 2 ))dx 

(n) = 2 f f{\e n \ 2 ) (e n \u n -u) dx 

where 9 n is a suitable convex combination of u n + V$(w n ) and u + V$(w ra ). 
Since {«„} and {V&(u n )} are bounded in L p + L Q , certainly also {9 n } is 
bounded in LP + L q . Then, by Theorem and (157)) . from (ITT)) we deduce 
that 

(72) a n — > 0. 
Analogously we also have that 

(73) 7n — > 0, 
so, by flZDD, (G2J) and (JTJ), we get 

A, — >0 

and then ( )65)) is weakly continuous. 

Now, we prove the compactness of <3>. Consider again (u n ) n >i in V s.t. ( )66j) 
holds. By ( l69l) . there exists w G W s.t. (up to a subsequence) 

(74) V$(u n ) ->> Vw in L p + L q . 
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From ([fi"7]) and ([71]) we deduce that 

(75) w n + V$(tt„) u + Vw in L p + L q 

so, using the weak continuity of (|65|) and the weak lower semicontinuity of 
F we have 

= F( M + V$(u)) =limF(u„ + V$K)) 

(76) ™ 

> F(m + Vw) = F». 

By the uniqueness of the minimizer of F u , from ( 1761) we deduce that u> = $(w), 
so, by (175|) . we have 

(77) u n + V$(w n ) u + V$(w) in U + L 9 . 
But using the weak continuity of ( 1651) . by (1661) we also have 

(78) / f(\u n + V<S>(u n )\ 2 )dx^ I f(\u + V<S>(u)\ 2 )dx 

so, by Lemma [HI from (1771) and (1781) we deduce that 

(79) m„ + V$K) — > u + V$(u) in LP + L 9 . 
Now, comparing (I7TJ|) with ([6"7j) . we deduce that 

$(« n ) — > in W 

and then $ is compact. 

Finally, we prove ([ST?]) . Observe that, since |^(m,w) = DF u (w), then 

(80) («, w) E C\ -<=>• DF u (w) = 0. 

But since F u is convex, its critical points are minimizers, and then 

(81) DF u {w) = w = $(w), 

so we have (155]) by (j8"0j) and ([HI]). □ 
Consider the functional J : V — » R 

(82) J(u) := J («,$(«)) = - / |Vw| 2 rfa;- + V$(n)). 

The following regularity result holds 
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Theorem 10. The functional J is continuously differentiate and its Frechet 
differential DJ :V —*V has this expression 

(83) DJ(u)[u] = [ {Vu\Vu)dx- [ f (\u + V$(w)| 2 ) (u + V$(u)|u) dx. 
Proof. Set 

(84) F:h6VhF(hV$(ii)). 

We will prove that F G C 1 so that, clearly, also J G C 1 . 

Let u G V. We claim that for all w G V — {0} the functional F is 
derivable at u in the direction u, and the directional derivative (i.e. the 
Gateaux derivative DqF) is 

(85) D G F(u)[u}=2 [ f (\u + V$(m)| 2 )(m + V${u)\u) dx. 
In fact, let t G R - {0} and set 



a(t) 
(3(t) 

7(0 



F(w + £u + V$(w + tw)) + V$(tt + ttt)). 

F + + V$(u + tw)) + V$(u)), 

+ + V$(w)) -F(u + V$(u)). 



By (1571) we know that 

F(w + £u + V$(w + £u)) < F(u + fu + V$(w)) 

and 

F(u + V$(n)) < + V$(u + fiZ)). 

and then, certainly, for every t G R — {0} 
(86) a(t) < /?(*) < 7 (i). 

Now, for every t G R — {0}, set 

<*(*) 

a(t) = — , 

W> - f 
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and observe that 0851) means that 



?7) ]xmj3{t)=2 I f (\u + V$(m)| 2 )(m + V$(u)\u)dx. 



From (1861) we deduce that 



a{t) < (3(t) < 7(t) if t > 0, 
7(f) < /3(f) < 5(f) if f < 0, 

and then 

(88) min (a(t), 7(f)) < /3(f) < max (a(t), 7(f)) . 
Now, by Lagrange theorem, we have that 

/ (f(\u + tu + X7$(u + tu)\ 2 ) - f(\u + V$(u + tu)\ 2 ))dx 
a{t) = ^ '— 

2 / f'(\9 t \ 2 )(9 t \tu)dx 

= 7 = 2/ f{\e t \ 2 ){e t \u)dx 

(89) = DF(9 t )[u] 

where 8 t is a suitable convex combination of u + tit + V$(u + tit) and u + 

V$(it + tu). 

Since $ is continuous, we have that 

limu + tu + V$(m + tu) = u + V$(tt) in L p + L 9 

t-fO 

and 

limit + V$(w + tU) = m + V$(w) in L p + L 9 , 

and then 

(90) lim 6 t = u + V$(u) in L p + L 9 . 
By continuity, from (1891 and (1901 we deduce that 



(91) limd(t) = DF{u + V$(«))[«] 



2 / /' (|w+ V$(w)| 2 )(w + V$(w)|U)dx. 
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By the same arguments, we can see that 

(92) lim7(t) = 2/ /' (\u + V$(w)| 2 )(w + V$(u)\u) dx, 

so, by (1551) . (19"T1) and (l9"2"j) we get (1571) . i.e. and the existence of the directional 
derivative. 

Now observe that from (1551) we have 

(93) D G F(u) G V, VttGV 
and the map 

(94) DF G :ueV^2[ f'{\u + V$(m)| 2 )('U + V$(m)|-) rfx G V' 

is continuous by Theorem [5] and the continuity of $. Then F is Frechet 
differentiate, and, for all u, u G V 

(95) DF(u)[u} = 2 [ f (\u + V$(w)| 2 )(w + V$(u)|u)da;. 

From (E5D we have (IHHD. □ 



Theorem 11. If u G V a nontrivial critical point of J, then A = u + 
V$(?i) £ J 7 is a finite energy, nontrivial weak solution of (j3J). 

Proof. Let w G V be a critical point of J. By ( 1531) we have that 

(96) / (Vw|Vw)cfe- / /' (|u + V$(w)| 2 )(w + V$(w)|w)cfe = 

so, by ( l55l) . the couple (u, $(«)) G C<i- Since by Theorem[5Jwe also have that 
(u, $(«)) G C\, then, by Theorem [7J, A = u + V$(w) is a finite energy, weak 
solution. 

Moreover, if u ^ 0, then 

(97) it + V$(w) ^ 0. 
In fact, if 

(98) u = -V$(u), 
then 

-A$(V) = V ■ u = 0, 
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and this should imply 

/ \V<$>(u)\ 2 dx = 0, 

that is 

(99) V$(u) = 0. 

But (EHD and (JSSJ contradict the fact that w ^ 0, so flUD holds. □ 

By Theorem [11] we are reduced to find the critical points of J, so we are 
going to study the geometry and the compactness properties of the functional 
in order to apply the symmetrical mountain pass theorem (see [HE]). 

Theorem 12. J satisfies the following Palais-Smale (P-S) condition: 
if {u„} G V is a sequence s.t. for M > 

(100) J(u n ) < M, Vn > 1 
and 

(101) DJ(u n ) — > 0, 
then {u n } G V is precompact. 

Proof. Let {u n } G V be a sequence s.t. fllOOl) and fllOlH hold. Since $ is 
compact and the embedding V ^ L p + L q is compact, we have that the map 
(|94|) is compact, so, by standard arguments we are reduced to prove that 
{u n } is bounded. 

Rendering f llOOp explicit, we have 

(102) \! \S7u n \ 2 dx-\( f{\u ri + V${u n )\ 2 )dx<M. 

^ JR" ^ JR n 

Moreover, from fllOip we deduce that 

DJ{u n ) [u n /\\u n \\ v ] — >0 
that is there exists e n — > s.t. 

(103) / \Vu n \ 2 dx- 

JR n 

f'(\u n + V$K)| 2 ) (u n + V$(u n )\u n ) dx 
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Now, by (|57p . certainly we have that for every w G W 

= J DF u „($K))H = / f'(\u n + V$(u„)| 2 )(u„ + V$K)|Vw)dx, 
so (I103p can be written as follows 

(104) / |Vw n | 2 cfe- I f{\v n \ 2 )\v Tl \ 2 dx = e n \\u r 

JR n JR" 



where we have set t> n = u n + V Now, multiplying (11021) by a and 

subtracting (11041) we get 

\Vu n \ 2 dx+ [ [f(\v n \ 2 )\v n \ 2 -^f(\v n \ 2 )]dx 
(105) < M-^II^Hp. 

Using / 4 , from (1105P we deduce that {«„} is bounded. □ 
Theorem 13. There exist p > and C > s.£. 

J(u) > C, VnGVn 5 p , 
where S p := {w G D ||w||x> = p}. 



Proof. Let it G V and consider f2 M defined as in (|T6|) . Since p < 2* < g we 
have that 

(106) |m(x)| p < Kx)| 2 *, ifxGfi u 

(107) |m(x)| 9 < |m(x)| 2 *, ifa;GM n -fi u , 

so, by (11061) and (I107p . using f[2"4"l) . (I57|) and the continuous embedding 
(D, || ■ ||x>) (£ 2 *, | • I2*), for a suitable > we have 

J(u) = \l \Vu\ 2 dx-\ ( f(\u + S7$(u)\ 2 )dx 
> I f \Vu\ 2 dx- \ [ f{\u\ 2 )dx 

JR n * JR n 

1 f |2 j_. C 2 



> -/ \Vu\ 2 dx-^ I \u\ p dx-^ I \u\ q dx 

L ./ran / 



1 I \Vu\ 2 dx 

2 Jr" 



2 



> - / iVwMdx — ^ / IttM c?s — / litl 2 <ix 



\u\ p dx — 








\u\ 2 dx - 


-1/ 




z JR 1 



= ^\\ u \\v - j\ u \i* > - k \\ u \\v- 

Then </(«) > C for u G S p with p small enough. □ 
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Now, before we prove that also the second geometrical assumption of the 
symmetrical mountain pass theorem is satisfied, we need a preliminary result. 
For every 7 > 1 and u G V set 

(108) F u :w eW^\\u + Vw\\l P+Lg . 
We have the following 

Lemma 14. For every u G V there exists a unique 3> 7 («) G W s.t. 

(109) F u (%{u)) = min F u {w). 

Moreover, for every V C V s.t. dimV < +00 we have 

(110) 3C 7 (V)>0s.t. \\u + V^(u)\\l P+Lq > C? 7 |M|£ 
uniformly for u G V. 

Proof. Since F u is strictly convex, continuous and coercive on W, by Weier- 
strass theorem there exists a unique minimizer $ 7 (u). 
Actually the minimizing map 



$ 7 : it — > $ 7 (w) 



is compact from V into W. 
In fact, consider 



(111) m„ — w in V. 
Since V ^> LP + L q compactly, certainly 

(112) u n -> u in LP + L 9 . 
Moreover, by the definition of $ 7 , 

< \\u n + V$ 7 (u n )||J P+L9 < ||w n ||l P+ i 9 

so, 

(113) u n + V$ 7 (m„) is bounded in LP + L q . 

From (I112p and ( 11 13h we deduce that {<3> 7 (u n )} is bounded in W, so there 
exists w G W s.t. (up to a subsequence) 

(114) V<$> 1 (u n )^VwmL p + L q . 
Now we prove that 
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1. lim \\u n + V$Ju n )\\ L p +L g = \\u + V$ 7 (u)|| L P +L g; 

n 

2. V$ 7 K) V$ 7 (u) in L p + U. 

Observe that, by the definition of $ 7 and the triangular inequality, 

\\u + V$ 7 (w) f LP+Lq < \\u + V$ 7 K) \\\ P+Lq 

< (\\u - u n \\ L v +L i + \\u n + V$ 7 (u„)|| LP+L9 ) 7 

and then, by lfTT2l) 

(115) ||u + V%{u)\\l v+Lq < liminf \\u n + V$ 7 (u n )||^ p+L9 . 
On the other hand, by definition of $ 7 

\\u n + V$ 7 ( 

M «.)lli> + L9 — "I" V$ 7 (lt) ||Jp + £ 9 

and then, by (TTT21) 

(116) limsup||w n + V$ 7 (u„)||I P+L , < ||m + V$ 7 (m)||^, +l ,. 

n 

The claim 1 follows from (11151) and (11161) . 

Since || • ||i P+ £ 8 is weakly lower semicontinuous, from 1 1 112ft . (11141) and the 
claim 1 we deduce 

(117) \\u + Vw\\l P+Lq < liminf || M n +V$ 7 (tt n ) || J LP+Lq = \\u + V$ 7 (w) \\l P+Lq - 

By the uniqueness of the minimizer of F u , the inequality (11171) implies that 
w = $ 7 (it) and then the claim 2 is a consequence of fl 1 14j) . 

By a well known theorem, the claims 1 and 2 and (11121) imply that 

V$ 7 K) -> V$ 7 (w) in IF + L q 

and then $ 7 is compact. 

Now, let V C V s.t. dimV^ < +oo. By Weierstrass theorem 

(118) 3CL := min llw + V$1w)II7p , Tq > 0. 



Actually, C 7 > 0. In fact, if C 7 = 0, then there should exist u G V s.t. 
||u||x> — 1 an d u + V$ 7 (w) = 0, but it is not possible as we have already 
seen in the proof of Theorem [TT1 Now, if we consider u G V — {0} and set 
u = u/\\u\\v, since \\u\\v — 1 5 we have that 
119) 



I 117 



// — V ' 



> ||u + V$~(u)||L, M > CL. 



. ,,LP+Li — ^7 

Lp+Li 



HI- 

So (tnoj) follows from dHHJ) . □ 
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Theorem 15. For all V G V s.t. dimV < +00 : sup ug y J(u) < +00. 
Proof. Let V C V s.t. dimV < +00. Consider u G V and set 

:= {a; G R n \ \(u + V$(m))(x)| > 1}. 



Since inequality flTTTl implies that 



or 



\u + V$(u)\\ p LP+Lq < \u + V^(u)\l P{n) 



\u+V$(u)\\ q LP+Lq < |« + V$(«)|« g(Rn _ n) , 



certainly 

min(||ti + V$(m)||£ p+l „||m + 

(120) < max(|it + V$(u)|£, (n) ,|u+V$(u 

By (EQD and Lemma I 



+ V$(n)| 2 )da; > Cl / |« + V$(u)| p da; + Ci / \u + V$(m)| 9 dx 
in Jw n -u 

= ci\u + V®(u)\ p LP(u) + d\u + V$(u)|* g(R „_ n) 



> ci max [\u + V$(m)|^ p(q) , \u + V$(w 

> ci min (\\u + V$H||^ +L9 , ||u + V$(w)||£ P+L ,) 

> cimin (||tt + V§ p {u)\\ p Lv+Lq , \\u + V$ ff (u) \\ q Lv+L i 

> ci min (Cp||u||f,, CJu|||>) 

> ci min((5p , C7 g ) min ||u|||>), 

and then 

J{u)= l -\\u\\l-\ [ f(\u + V<S>(u)\ 2 )dx 

(121) < ~||u||f, - Cimin((7 p ,(7 g )mm(||w|| p , ||u||f,). 

Since 2 < p < q, we get our conclusion from (I121j) . □ 



Proof of Theorem [IJ Since J is C 1 and even, by Theorem [T21 Theorem 
Theorem [TS] and the symmetrical version of the mountain pass theorem (see 
[HE]) certainly it possesses infinitely many critical points. Then the conclu- 
sion is a consequence of Theorem [TTJ □ 
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Appendix 

As we have seen, in order to have infinitely many solutions for the problem 
(JSJ) we need some assumptions on the growth and on the convexity of the 
nonlinearity. Here we want to show an example of function satisfying those 
assumptions. 

Consider the function / : [0, +00 [— > R s.t. 



(122) f(x) 



ax p + b if x > 1 
cx g if x < 1 



where 2 < p < 2* < q and the set of three numbers (a,b,c) 6l 2 x ]0, +oo[ is 
any solution of the system 



(123) 



a + b = c 
ap = cq 



Lemma A.l. There exist 5 > and K\ > s.t. V(x, y) G ]1, l+6[ x ]l — 6, 1[ 

(124) f(x) - f(y) - (f'(y)\x - y) > K,\x - y\ g . 
Proof. Consider the function h : ]1, +oo[x]0, 1] s.t. 

(125) ft(x , j/) = /W-/W-(fWI-^). 

\x — y\ q 

that is 

. ax p + b + (q — l)cy q — qcxy q ~ x 

h ( x ,y) = 1 r a • 

\x — y\ q 

Dividing numerator and denominator by y q and setting z = x/y, we get the 
new function 

~ az p y p - q + by-" + (q - l)c - qcz 

(126) h{z,y) = — — 

defined in the domain {(z,y) e ]1, +oo[x]0, 1] | y > 1/z}. 
We claim that 

\/z > 1 : h(z, 1) = min h(z, •). 

y>l/z 
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We compute 



(127) 



dh . , a(p — q)z p y p q 1 — bay q 1 

~E~( Z ' V) = 1 TT Q 

ay \z — l\ q 

a(p — q)z p y p — bq g(zy) 



y q+1 \z-l\ q yi +1 \z-l\i 



where g(t) = a(p — q)t p — bq. 
By (11231) we deduce that 



9(1) = 

g\t) < if t > 1 

so g(zy) < because zy > 1. By ( 11271) we can conclude that the function 
•) is decreasing in ] l] and then 

(128) Vz>l: fc(«,y)>A(«,l). 

Now, by (11281) and using twice De THopital's rule, we compute 



lim h(x,y) = lim h(z,y) 
(x,»)-(i+,i-) (*,»)— 

> lim /i(z, 1) 

az p + 6 + (o — l)c — qcz 
= lim ; r 

z-*x+ (z - l) q 

ap(p — l)z p ~ 2 

— hm — — — — - = +oo. 

z-*l+ q{q - l)(z - l) q - 2 

The inequality (11241) is a consequence of the previous limit. □ 

Theorem A. 2. There exists K2 > s.t. for every nonnegative numbers x,y 

(129) f{x) - f(y) - f'(y)(x - y) > K 2 mm(\x - y\ p , \x - y\"). 

Proof. We distinguish the following three cases 

1- 0<y<l<xorO<x<l<y; 

2. Kx,y; 

3. < x,y < 1. 

1. IfO<y<l<a;, then we consider these three possibilities 



A semilinear Maxwell type equation 



27 



• (x,y)e]l,l + 8[x]l-8,l[; 

• (x,y)e]l,l + S\ x [0,1-5] 

• (x,y) G [l + 5,+oo[ x [0,1], 

where 5 is the same as in Lemma AJTJ 

By Lemma AJH certainly ffM holds in ]1, 1 + 8[ x ]1 - 8, 1[. 

Since the function h defined in (I125p is continuous in [1, 1+5] x [0, 1—6], 

by Weierstrass' theorem 

3min{h(x,y) \ (x,y) G [1,1 + 5] x [0,1-5]} 

and then the inequality (I129p holds also in ]1, 1 + 5] x [0, 1 — 5]. 
Finally, suppose (x, y) G [1 + 5, +oo[ x [0,1]. Since for every x G 
[1 + 5, +oo[ 

min y q ~ l ic(q — l)y — cqx) = c(q — 1) — cgx, 
s/e[o,i] 



then, by (T1231) . 
(130) 



/(») - /(y) - - V) = ax p + b 

+ y' J_1 (c(g — l)y — cgx) 
> ax p + b + c(g — 1) — cgx 
= ax p — ap(x — 1) — a. 



But 



(131) := inf ^ ~ ^ — — > 

V ' x>l+8 XP 

so, by (fT30l) and ffT3TD . 

/(x) - /(y) - f'(y)(x -y)> C,x p >C x (x- y) p 

and then the inequality ( 1129ft holds also in [1 + 5, +oo[ x [0, 1]. 
We can use similar arguments for the case < x < 1 < y. 

2. Suppose 1 < x, y. We have that 

(132) f(x) - f(y) - f(y)(x - y) = a(x p -tf>- py p -\x - y)). 

In [15] (see the proof of theorem 4, Chapter VIII) the following inequal- 
ity has been proved: for all r > 2 there exists a positive constant C^r) 
s.t. for any u G M 

(133) \u + l\ r > 1 + ru + C 2 {r)\u\ r . 
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If we set r = p and replace u by then by some calculus we get 

(134) x p >y p + py p -\x-y) + C 2 (p)\x-y\ p . 
Inequality ffT2UD follows from (jT52j) and ffT3D . 

3. Suppose < x, y < 1. Then 

(135) /(x) - /(y) - /'(y)(z - y) = c(x* -y«- qy^\x - y)) 
so we get again (11291) using (1 133f) as before. 

□ 

Theorem A. 3. Let f be the even extension of f , i.e. 



(136) f{x) 



f{x) if x>0 
f(-x) if x<0 



T/ien t/iere exists K 3 > s.l /or all (x, y) G M 2 

(137) }{x) - f(y) - f'(y)(x - y) > K 3 mm(\x - y\ p , \x - y\«). 

Proof. We distinguish some cases 

• x, y < 0. 

Since / is even, certainly /' is odd and then, by (11291) . 

f( X )-f(y)-f>(y)( X -y) = f(- X ) - f(-y) - f'(-y)(-X - (-y)) 

= /(_ x )-/(-y)-/'(-y)(-x-(-y)) 

> K 2 mm(|-x-(-y)|M-x-(-y)| 9 ) 
= min(|x — y\ p , \x — y\ q ). 

• x < and y > 0. 

We have that 

(138) f\x) - f(y) - f'(y)(x - y) = fix) - f'(y)x - f(y) + f'(y)y. 

Since f'iy) > 0, the property / 3 (that can be easily proved) implies 
that 

(139) f\x) - f\y)x > fix) > a min(|af , 
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and, on the other hand, by (11291) 

-f(y) + f(y)y = m-f(y)-f(y)(o-y) 

(140) 

> K 2 min(|y| p , \y\ q ). 
Comparing ffT^j) . (TM and (jHOjl we get 

f{x)-f{y)-f'{y){x-y) > C 3 ( min(|x|Mx| 9 ) + min(|y|P,|y|«)) 

> C 4 min(|x| p + |y| p , |x| 9 + M 9 ) 

> C 5 min((|a;| + Mr,(|x| + M)'') 
= C5 min(|x — y| p , |x — y| 9 ). 

where C3, C4 and C5 are positive constants. 

• x > and y < 0. 

The inequality (11371) can be proved by similar arguments as before. 

• x, y > 0. 

The inequality (11371) follows directly from (11291) . 

□ 

Finally, define / : R n — > R as the radial extension of /, namely 

(141) 7(x) = /(|x|), VxGR". 

Theorem A. 4. T/ie function f defined by ( 11411) and ( 1122ft satisfies the 
inequality 

(142) /(z) - 7(y) - (7'(y) |x - y) = ci min (|x - y\ p , \x - y\ q ) 
for some positive constant c\ which doesn't depend on x,y G R n . 
Proof. It is very easy to verify that / satisfies the inequality 

(143) f(x) > cimin(|x| p , \x\ q ) 

for all x G R™. 

If y = 0, then (TTO follows trivially from ffT43l) . 
If y 7^ 0, observe that for all x G R n 

7(*)-7(y)-(7'(y)k-y) 

(144) = /(N) - /(|y|) - f -^riAy) + 

Now consider the following three cases 
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• x — ty, t > 0; 

• x = ty, t < 0; 

• x ^ ty, t G R. 

If x = ty for t > 0, then (x\y) = \x\\y\ and \x — y\ — \\x\ — \y\\ so, by (11441) 
and $H|, 

7(x)-7(y)-(/'(y)|x-y) = - f(\y\) - f (\y\)(\x\ - \y\) 

> K 2 min(\\x\ - \y\\ P ,\\x\ - \y\\ q ) 
= K 2 min(|x - y\ p , \x - y\ q ). 

If x = ty for t < 0, then (x\y) = —\x\\y\ and \x — y\ = \x\ + \y\ so, by (j 144ft 
and (TT3TL 

7(*)-7(v)-(7'(v)|*-v) = /(N) -/'(-|y|)(N - (-M)) 

> f^min (||x| + |y|| p , ||x| + \y\\ q ) 
= K 3 min (\x - y\ p , \x - y\ q ). 

Finally, if x G" {ty\t G M}, then x = X\ + x 2 where x\ G G M} and 

(x2\y) = 0. Since x\ \\ y, from the previous cases we have 

(145) 7(m) - 7(y) - (7'(2/)|xi - y) > C 6 min(|xa - |xi - y|*) 

where Cq = min(K 2 , -^3)- Moreover, observe that for all a, b > the following 
inequality holds 

(146) f(V^+b)>f(Va)+f(Vb), 
so, by (11461) . (I145p and property / 3 , we have 

f(x)-J(y) - Q\y)\x-y) 

= f(VW+\^)-7(y)-{l'(y)\xx-y) 

> f{\xi\) + f(\x a \)-7(y)-Q'(y)\x 1 -y) 
= 7(x 1 )-J(y)-(J'(y)\x 1 -y)+J(x 2 ) 

> C e min(|xi - y\ p , \xi - y\ g ) + c\ min(|x 2 | p , \x 2 \ q ) 

> C 7 mm {(\ Xl - y\ 2 )^ + (|x 2 | 2 )i, (\ Xl - y\ 2 )i + (|x 2 | 2 )§) 

> C 8 min((|xi -y\ 2 + |x 2 | 2 )S,(|x! -y\ 2 + \x 2 \ 2 )*) 
= C 8 mm(\x - y\ p , \x - y\ q ) 

where CV and Cg are suitable positive constants. 

□ 
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Now, consider the function /:!->! s.t. 
/(*) = 



a\x\ 2+6 if \x\ > 1 
c\x\i if \x\ < 1 



where 2 < p < 2* < q and (a,b,c) G IR 2 x]0, +oo[ is any solution of the 
system 

a + b = c 

ap = cq 

It is easy to verify that / satisfies f\, f% and f^. 
Moreover, applying Theorem AJ4] to the function 

g : £ e R " _> /((^l^)) e E) 
we verify that / satisfies also ^2- 
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